We consider the unramified Iwasawa module X(F ∞ ) of a certain Z p -extension F ∞ /F 0 generated by division points of an elliptic curve with complex multiplication. This Z p -extension has properties similar to those of the cyclotomic Z p
Introduction
First at all, we explain the situation which we will treat. In this paper, we shall consider the following situation:
(C1) K is an imaginary quadratic field whose class number is 1, (C2) p (≥ 5) is a prime number which splits two distinct primes p and p in K, (C3) E is an elliptic curve over Q (defined by a global minimal Weierstrass equation) which has complex multiplication by the ring O K of integers of K, and E has good reduction at p. In the following, we assume that K, p, E satisfy (C1), (C2), (C3). Many authors treated this situation (or similar situations). See, e.g., [6] , [3] , [30] , [11] , [35] , [32] , [33] , [15, Section 5] , [9] , etc.
We shall recall several facts written in [6] (see also [3] , [15, pp.364-365] , [9, Section 1] ). Let ψ be the Grössencharacter of E over K, and put π = ψ(p). Then, π is a generator of the principal ideal p. For every non-negative integer n, let E[π n+1 ] ⊂ E(Q) be the group of π n+1 -division points of E. We put F n = K(E[π n+1 ]) for every n. Then F n /K is an abelian extension, and p is totally ramified in F n /K. We also put F ∞ = n F n . It is known that
where ∆( ∼ = Gal(F 0 /K)) is a cyclic group of order p − 1 and Γ(= Gal(F ∞ /F 0 )) is topologically isomorphic to the additive group of Z p . (We often identify ∆ with Gal(F 0 /K) via the natural restriction mapping.) Let P be the unique prime of F 0 lying above p. Note that F ∞ /F 0 is a Z p -extension which is unramified outside P. We denote by L(F ∞ )/F ∞ the maximal unramified abelian pro-p extension and M(F ∞ )/F ∞ the maximal abelian pro-p extension unramified outside the unique prime lying above p. We put X(F ∞ ) = Gal(L(F ∞ )/F ∞ ) (the unramified Iwasawa module) and X(F ∞ ) = Gal(M(F ∞ )/F ∞ ) (the p-ramified Iwasawa module). We also put Λ = Z p [[Γ]]. Then, it is well known that X(F ∞ ) is a finitely generated torsion Λ-module.
We note that X(F ∞ ) is also a finitely generated torsion Λ-module, because the "{P}adic analog" of Leopoldt's conjecture holds for F 0 (see Section 3 for the detail). Recall that a similar property holds for the "p-ramified Iwasawa module" of the cyclotomic Z pextension of real abelian fields. (For these topics, see [13] ). We also mention that X(F ∞ ) is finitely generated as a Z p -module (see [11] , [35] ), and a similar fact for the p-ramified Iwasawa module of the cyclotomic Z p -extension of real abelian fields (with odd p) follows from Ferrero-Washington's theorem [7] and Kummer duality. Furthermore, the main conjecture holds for this situation (see [32] , [33] ), and the statement is similar to that of the even part version of the main conjecture for abelian fields (rather than the odd part version). (Cf., e.g., [21] , [20, Appendix by Karl Rubin] .) Hence, it might be said that F ∞ /F 0 is close to the cyclotomic Z p -extension of real abelian fields in some sense. We would like to know how many properties these Z p -extensions have in common.
It is conjectured that the unramified Iwasawa module of the cyclotomic Z p -extension of a totally real field is finite (Greenberg's conjecture [12] ). On the other hand, it is known that X(F ∞ ) can be infinite in general. We denote by rank Z E(Q) the free rank of the Mordell-Weil group E(Q).
Theorem A (see pp.364-366 of Greenberg [15] ). Assume that K, p, E satisfy (C1), (C2), (C3). If rank Z E(Q) ≥ 2, then X(F ∞ ) is not finite.
Hence, under Greenberg's conjecture, F ∞ /F 0 is different from the cyclotomic Z p -extension of a real abelian fields on this point.
We also note that "weak forms" of Greenberg's conjecture are considered by several authors (see [19] , [16] , [2] , [23] , [24] , etc.). Based on this, we shall consider the following questions. These are analogs of weak forms of Greenberg's conjecture treated in [23] , [24] (see also [25] ).
Questions. Assume that K, p, E satisfy (C1), (C2), (C3).
(Q1) When X(F ∞ ) is not trivial, does X(F ∞ ) has a non-trivial finite Λ-submodule? (Q2) When X(F ∞ ) is not trivial, is Gal(M(F ∞ )/L(F ∞ )) not trivial?
Remark 1.1. In [17, Appendix A], similar questions for "tamely ramified Iwasawa modules" of the cyclotomic Z p -extension of totally real fields are considered. See also [8] .
Remark 1.2. It is known that X(F ∞ ) does not have a non-trivial finite Λ-submodule (see [13, p.94] ). Hence an affirmative example for (Q1) is also an affirmative example for (Q2) (cf., e.g., [23, Lemme 2.1]).
We mention that it is already known that (Q2) has an affirmative answer for a large family of elliptic curves.
Theorem B (see Lemma 35 of Coates-Wiles [6] ). Assume that K, p, E satisfy (C1), (C2), (C3). If rank Z E(Q) ≥ 1, then Gal(M(F ∞ )/L(F ∞ )) is not trivial.
Hence, our interest is in the remaining cases. In this paper, we mainly consider (Q1) and "(Q2) for rank 0 elliptic curves".
In Section 2, we shall give several remarks on (Q1). From the results given in Fukuda-Komatsu's paper [9] , we can find the following facts.
• (Q1) has a negative answer.
• There are examples such that X(F ∞ ) is non-trivial and finite (these are also nontrivial affirmative examples for (Q1)). The main portion of this paper is giving partial results to (Q2) for the case when rank Z E(Q) = 0. We shall show the following theorems. Theorem 1.3. Assume that K, p, E satisfy (C1), (C2), (C3). Let E(F p ) be the group of F p -rational points of the reduction of E at p. If the order of E(F p ) is divisible by p, then Gal(M(F ∞ )/L(F ∞ )) is not trivial.
Let χ be the (Z × p -valued) character on ∆( ∼ = Gal(F 0 /K)) satisfying P σ = χ(σ)P for all P ∈ E[π] and σ ∈ ∆ (see, e.g., [6, p.225] ). We denote by A(F 0 ) the Sylow p-subgroup of the ideal class group of F 0 , and A(F 0 ) χ the χ-part of A(F 0 ). We also denote by
Theorem 1.4. Assume that K, p, E satisfy (C1), (C2), (C3). Suppose also that L(E/Q, 1) = 0 (then E(Q) is finite by the theorem of Coates-Wiles [6] ). If rank p A(F 0 ) χ is 1 (i.e., A(F 0 ) χ is a non-trivial cyclic group), then Gal(M(F ∞ )/L(F ∞ )) is not trivial. Assume that E has good reduction at p, and L(E/Q, 1) = 0. (In this case,
The proofs of Theorems 1.3, 1.4, and 1.5 are given in Section 3. We remark that the property of the Tate-Shafarevich groups is used in the crucial part of the proofs of Theorems 1.4 and 1.5.
Moreover, we shall give several remarks relating to (Q2) in Section 4.
In the rest of this section, we shall introduce the notation used in this paper (and give a remark). (K, p, E are assumed to satisfy (C1), (C2), (C3).) For a finite group B, we denote by |B| the order of B, B[p] the p-torsion subgroup of B, and rank p B the p-rank of B (which coincides with |B[p]| since B is finite). If B is also a O K -module, we denote by B[π] the π-torsion subgroup of B. Let π(= ψ(p)) be the complex conjugation of π. We also define B[π] similarly. Let χ be the character of ∆ defined in the paragraph before Theorem 1.4. We denote by
Remark 1.6. Since P is the only prime which ramifies in F ∞ /F 0 and it is totally ramified, the triviality of A(F 0 ) implies the triviality of X(F ∞ ) (Iwasawa's theorem [18] ). More precisely, we see that the [33, Theorem 5.1] ). From this, the triviality of A(F 0 ) χ i implies the triviality of X(F ∞ ) χ i for each i.
Fukuda-Komatsu's results and our question (Q1)
In this section, we shall give several remarks on our questions. In particular, there are a negative example and a non-trivial affirmative example for (Q1). These examples can be found in the computational results given in Fukuda-Komatsu [9] . (Hence, for the results of this section, the author's contribution is very small.)
We use the following lemma to show the existence of a negative example for (Q1).
is not finite, then X(F ∞ ) does not have a non-trivial finite Λ-submodule.
Proof. Recall that F ∞ /F 0 is unramified outside P, and P is totally ramified. This lemma can be shown by using well known techniques of Iwasawa theory. See, e.g., [ First, we shall give a negative example for (Q1).
Example 2.2 (see Fukuda-Komatsu [9] ). We put K = Q( √ −1) and p = 5. Let E be an elliptic curve defined by the Weierstrass equation
Then K, p, E satisfy (C1), (C2), (C3). From the results stated in [9, pp.548-549], one can find that |A(F 0 )| = 5 and X(F ∞ ) is not finite. Then, by Lemma 2.1, we see that this gives a negative answer for (Q1). (Note that rank Z E(Q) is 2, hence the infiniteness of X(F ∞ ) follows from Theorem A. However, Fukuda-Komatsu [9] gave a more precise result. That is, they determined the characteristic ideal of X(F ∞ ) χ .)
By Theorem B, we see that (Q2) has an affirmative answer for the above case. Hence the assertion of (Q2) is actually weaker than that of (Q1).
Next, we shall mention that other computational results stated in [9] induce the examples such that X(F ∞ ) is non-trivial and finite. These are also non-trivial affirmative examples for (Q1). [9] ). Let E be an elliptic curve defined by the Weierstrass equation
Example 2.3 (see Fukuda-Komatsu
, p = 5, and E satisfy (C1), (C2), (C3). It is stated in [9, p.549] that |A(F 0 )| = 5 and X(F ∞ ) χ is finite. Note that it is not explicitly stated that |A(F 0 ) χ | = 5 in [9] , however, one can check this fact. (The author confirmed that |A(F 0 ) χ | = 5 by using PARI/GP [29] . See the following Remark 2.4.) Hence we see that X(F ∞ ) χ is non-trivial and finite. Note also that A(F 0 ) χ i is trivial for i = 0, 2, 3. This yields that X(F ∞ ) χ i is trivial for i = 0, 2, 3 (see Remark 1.6). From this, we also see that X(F ∞ ) is non-trivial and finite.
Remark 2.4. In the above example, the author confirmed that |A(F 0 ) χ | = 5 by using the following two ways. In these computations, the author used an explicit generator of F 0 over K written in [9, p.547] (he also used this for other examples of this paper). (i) The first method is indirect and restrictive. Note that we can know the value of the λ-invariant of X(F ∞ ) χ i (i = 1, 2, 3) from the table given in [3] . According to [3, Table des valeurs des λ(l * p,i ): I], the λ-invariant of X(F ∞ ) χ 3 is 0. From this fact, we can deduce that |A(F 0 ) χ 3 | = 1. Since the class number of k is 1, we see that |A(F 0 ) χ 0 | = 1. Moreover, by computing the class number of the (unique) quadratic subextension field of F 0 /K, we can also check that |A(F 0 ) χ 2 | = 1. Because |A(F 0 )| = 5, we can conclude that |A(F 0 ) χ | = 5.
(ii) The second method is as follows. We can obtain the points of E[π] ⊂ E(F 0 ) explicitly. (Because the endomorphisms of E are well known. See, e.g., [34, Example 1.12], [36] .) By comparing the Gal(F 0 /K)-action on E[π] and that on A(F 0 ), the author checked that |A(F 0 ) χ | = 5. 4 Similarly, by using PARI/GP [29] , the author checked that
(with K = Q( √ −1) and p = 5) is also an example such that X(F ∞ ) is non-trivial and finite (see [9, p.549] ).
Remark 2.5. Under our assumptions (C1), (C2), (C3), we can see that X(F ∞ ) χ 0 is trivial (and hence X(F ∞ ) χ 0 is also trivial). Then we cannot find non-trivial examples of our questions from the χ 0 -part.
3. Proofs of Theorems 1.3, 1.4, and 1.5
Assume that K, p, and E satisfy (C1), (C2), (C3). We define the following notation:
• K p : the completion of K at p, • (F 0 ) P : the completion of F 0 at P.
• U : the group of units of (F 0 ) P , • U 1 : the group of principal units of (F 0 ) P , • E(F 0 ) 1 : the group of units of F 0 which are congruent to 1 modulo P,
• L(F 0 )/F 0 : the maximal unramified abelian p-extension, and • M(F 0 )/F 0 : the maximal abelian pro-p extension unramified outside P. Then, by class field theory, we see that
Note that the {P}-adic analog of Leopoldt's conjecture (for F 0 ) asserts that the Z p -rank of E 1 is equal to the free rank of the group of global units of F 0 (we use a term similar to that of given in [13] ). Recall that this holds true since F 0 /K is an abelian extension (see [4] and [13] ).
The following is the key lemma to prove our theorems. The author learned the crucial idea of the proof of this lemma from Fujii's private seminar talk. Lemma 3.1 (suggested by Satoshi Fujii). Assume that K, p, E satisfy (C1), (C2), (C3). Let (U 1 /E 1 ) tor be the Z p -torsion subgroup of U 1 /E 1 . If (U 1 /E 1 ) tor is not trivial, then Gal(M(F ∞ )/L(F ∞ )) is not trivial.
Proof. Recall that P is the unique prime of F 0 which ramifies in F ∞ /F 0 , and it is totally ramified. Then the Γ-coinvariant quotient X(F ∞ ) Γ is isomorphic to X(F 0 ), and hence the maximal unramified subextension of M(F 0 )/F ∞ is L(F 0 )F ∞ /F ∞ . By using class field theory, we see that (U 1 /E 1 ) tor is isomorphic to Gal(M(F 0 )/L(F 0 )F ∞ ) (note that the {P}adic analog of Leopoldt's conjecture for F 0 holds). Then the lemma follows.
We shall show Theorem 1.3.
Proof of Theorem 1.3. Assume that | E(F p )| is divisible by p. Let ζ p be a primitive p-th root of unity.
We claim that ζ p ∈ U 1 . Let F p the residue class field of K p , and E(F p ) the group of F p -rational points of the reduction of E (over K) at p. Under our assumption, we see that | E(F p )| is also divisible by p. From this, we see that ψ(p) + ψ(p) ≡ 1 (mod p) (see, e.g., [37, Chapter II, Corollary 10.4.1 (b)]). Hence, by using the argument given in the proof of [6, Lemma 12], we see that (F 0 ) P = K p (ζ p ). The claim follows.
If F 0 = K(ζ p ), then p is ramified in F 0 /K. From this, we can see that E (over K) has bad reduction at p (see [6, Lemma 4] ). This contradicts to our assumption. Hence, we see that ζ p ∈ F 0 . Since the {P}-adic analog of Leopoldt's conjecture for F 0 holds, we can also see that ζ p ∈ E 1 (cf. also, e.g., [10, Lemma 3.1 and Corollary 3.2]).
From these facts, the class of ζ p in U 1 /E 1 is a non-trivial torsion element. Then (U 1 /E 1 ) tor is not trivial, and hence Theorem 1.3 follows from Lemma 3.1.
To show Theorems 1.4 and 1.5, we need several preparations. Let S π (E/K) be the Selmer group relative to π, and X(E/K) the Tate-Shafarevich group of E/K. Then, the following exact sequence is well known:
Let X(E/Q) be the Tate-Shafarevich group of E/Q. (For the notation and the result of this paragraph, see, e.g., [34] .)
We write K = Q( √ d) with a negative square-free integer d. Let E d be the quadratic twist of E by d. Recall that E is isogenous to E d over Q (see, e.g., [22, p.333] ). We also define the similar notation for E d (Q) (e.g., L(E d /Q, s), X(E d /Q)).
We denote by L(E/K, s) the L-function of E over K. Then, it is well known that
(see, e.g., [22] ). Hence, the assumption that L(E/Q, 1) = 0 implies that L(E/K, 1) = 0. From this, we see that E(K) is finite (Coates-Wiles [6] ), and X(E/K) is finite (Rubin [31] ). Since E[π] ∩ E(K) is trivial (see [6] or [32, Lemma 11.3 (i)]), we also see that E(K)/πE(K) is trivial. This implies that
We also note that both |X(E/Q)| and |X(E d /Q)| are finite.
Lemma 3.2 (Ono-Papanikolas [26] , Miller [22] ). Let the assumptions be as in Theorem 1.4. We have an isomorphism
Proof. This is well known, see, e.g., [26, Lemma 3.1] (see also the argument given in [22] ).
The following result also may be known, however, we give a proof. Proof. Before beginning the proof, we shall define notation and recall some facts in the following several paragraphs (see [22] , [28] ).
Recall that E is defined by a global Weierstrass equation, and denote by ω(E) the invariant differential of this equation. Let H 1 (E(C), Z) + (resp. H 1 (E(C), Z) − ) be the plus (resp. minus) part of H 1 (E(C), Z) with respect to the action of the complex conjugation. Let γ + be a generator of H 1 (E(C), Z) + , and put R = γ + ω(E). Note that x is a nonzero real number, and we may assume that R > 0 (by retaking γ + if necessary). Let c ∞ (E) be the number of connected components of E(R). We put Ω(E) = E(R) |ω(E)|, then we see that Ω(E) = R · c ∞ (E) (see, e.g., [28, Lemma 5.1]).
We also define c ∞ (E d ) similarly. Take a global minimal model E d * of E d , and denote by ω(E d * ) its invariant differential. We put Ω(E d ) = E d * (R) |ω(E d * )|. We shall use several known facts stated in the proof of [22, Corollary 3.2] . For a rational prime q, let c q (E) (resp. c q (E d )) be the Tamagawa number at q for E (resp. E d ) over Q.
Recall that X(E/Q) and X(E d /Q) are finite, and E is isogenous to E d over Q. Hence, by using the result of Cassels [5] (see also [22, p.334 ]), we see that
where the products run all rational primes. We note that c q (E) and c q (E d ) are prime to p for every q (see, e.g., [22, p.334] ). Moreover, we can show that |E(K)| is prime to p because E has good reduction at both p and p (cf. [32, pp.60-61] ). Hence, both |E(Q)| and |E d (Q)| are prime to p.
To show the assertion of the theorem, we claim that Ω(E)/Ω(E d ) is a p-adic unit (this is a rational number). We shall show this claim by using the known result about a relation between real periods. We follow the argument given in [28] (see also [22] ).
Let γ − be a generator of H 1 (E * (C), Z) − , then γ − ω(E * ) is a purely imaginary number, and denote it by I √ −1. (We can choose γ − such that I > 0, and we assume this.) We put
(the period lattice). Then, we see that R generates L ∩ R, and I generates L ∩ R √ −1. Since E has complex multiplication by O K , we see that
with some positive integers k, l. From the above equations, we see that lk = −d, and hence k divides −d. Because d is prime to p, we also see that k is prime to p. By [28, Main Result 1.1], we see that
with a positive rational number u. In our case, we can show that u is a p-adic unit (see [28, Proposition 2.5] ). By combining the above facts, we see that
Since the right hand side is a p-adic unit, we have shown the claim. Then, the assertion of the lemma also follows. Proof. First, one can show the following facts: (2) and (3), we obtain the inequality rank p X(E/K)[π] ≥ 2.
We shall quote the results given in Rubin [ 
Recall that U is the group of units of F p . We denote by E the closure of the group of global units of F 0 in U. Put V = ker δ 1 ∩ U. Then, by using the results stated in [34, p.193] , we can obtain the following exact sequence
We also note that |U/EV | is 1 or p (see [34, pp.192-193] ).
Proof of Theorem 1.4. By using (1), (4), and (5), we can obtain the following exact sequence
We assumed that rank p A(F 0 ) χ = 1, then rank p Hom(A(F 0 ) χ , E[π]) = 1.
By the exact sequence (6) , we see that X(E/K)[π] is not trivial. Then, by Lemma 3.4, we see that rank p X(E/K)[π] ≥ 2. This implies the fact that Hom((U/EV ) χ , E[π]) is not trivial. From this, we can also show that (U 1 /E 1 ) χ is not trivial. We note that (U 1 /E 1 ) χ is finite (this follows from the validity of the {P}-adic analog of Leopoldt's conjecture).
Then we have shown that (U 1 /E 1 ) tor is not trivial, and hence Theorem 1.4 follows from Lemma 3.1.
Proof of Theorem 1.5. The proof of this theorem is almost same as that of Theorem 1.4. However, in this case, we see that the quadratic twist E −1 coincides with E. Hence rank p X(E −1 /Q)[p] is equal to rank p X(E/Q) [p] . From this, we see that
is divisible by 4, and then rank p X(E/K)[π] is even. Thus, from the exact sequence (6), we can see that if rank p A(F 0 ) χ is odd, then (U/EV ) χ must be non-trivial. The remaining part of the proof is similar.
It seems that our Theorems 1.4 and 1.5 are not so useful to check whether (Q2) has an affirmative answer for individual elliptic curves. However, we shall give an example to show that these theorems are not empty.
Example 3.5. We put K = Q( √ −1) and p = 5. Let E be an elliptic curve defined by the Weierstrass equation y 2 = x 3 − 307 2 x. Then, by using PARI/GP [29] , the author checked that L(E/Q, 1) = 0 and |A(F 0 ) χ | = 5. Hence we can apply Theorem 1.4 (or Theorem 1.5) for E, and then this gives an affirmative example for (Q2). (We also note the fact that | E(F 5 )| = 4. Thus, we cannot apply Theorem 1.3 for this case.) Remark 3.6. For the above example, we can check that |A(F 0 ) χ | = 5 by using the following method. We note that the full Birch and Swinnerton-Dyer conjecture holds for E over Q (see [32, p.26 Theorem] ). Hence |E(Q)| 2 · L(E/Q, 1)/Ω(E) is a rational integer, and the divisibility of this value by 5 implies the divisibility of |X(E/Q)| by 5. From this, one can conclude that X(E/K)[π] is not trivial, and hence A(F 0 ) χ is not trivial. In this case, we can see that |A(F 0 )| = 5. Then the desired fact follows. (This approach is useful to seek an example.) Apart from this, the author also checked |A(F 0 ) χ | = 5 by using the method (ii) of Remark 2.4.
Remark 3.7. In the point of view of Lemma 3.1, it is significant for (Q2) to examine the structure of the group of the global units. Christian Maire gave a remark on the earlier studies on the structure of the torsion subgroup of the "group of (semi) local units modulo the completion of the group of global units". In particular, considering analogous objects of the "Kummer-Leopoldt constant" and the "p-adic normalized regulator" (see [1] , [10] ) seems meaningful in studying (Q2).
Remarks on the triviality of Iwasawa modules
In this section, we shall give remarks on the triviality of X(F ∞ ) χ and X(F ∞ ) χ . Let the notation be as in Section 3. Assume that K, p, E satisfy (C1), (C2), (C3), and L(E/Q, 1) = 0. Recall that X(E/K) is finite under these assumptions (see Section 3). In this section, we also assume that p does not divide |X(E/K)|. Then, X(E/K)[π] is trivial.
In this situation, we see that A(F 0 ) χ is trivial from the sequence (6) . (Note that this fact is essentially known. See, e.g., [34, Theorem 10.8 and Corollary 12.13] .) Hence X(F ∞ ) χ is trivial when p does not divide |X(E/K)|.
On the other hand, we can obtain the following proposition. It also may be known to experts. However, considering the relationship with (Q2), it seems worth stating here (recall Theorem 1.3).
Proposition 4.1. Assume that K, p, E satisfy (C1), (C2), (C3), and L(E/Q, 1) = 0. Suppose also that p does not divide either |X(E/K)| or | E(F p )|. Then X(F ∞ ) χ is trivial.
Proof. Let S ′ π (E/K) be the enlarged Selmer group defined in [34, p.190 , Definition 6.3] (or [30, p.32] ). Since p does not divide | E(F p )|, one can show that S ′ π (E/K) = S π (E/K) (see [30] , especially p. 35) . From this, we also see that |S ′ π (E/K)| = |S π (E/K)| = |X(E/K)[π]| = 1 by using (1). On the other hand, it is known that S ′ π (E/K) ∼ = Hom(Gal(M(F 0 )/F 0 ) χ , E[π]) (see, e.g., [34, Theorem 6.5] ). Hence Gal(M(F 0 )/F 0 ) χ is trivial. We can see that the Γ-coinvariant quotient (X(F ∞ ) χ ) Γ is isomorphic to Gal(M(F 0 )/F 0 ) χ (for example, see the argument of the proof of [20, pp.177-178, Lemma 3]). From these facts, we obtain the assertion of this proposition. 9 
